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On the Relaxed States in the Mixture of Degenerate and
Non-Degenerate Hot Plasmas of Astrophysical Objects
N.L. Shatashvili1,2 • S.M. Mahajan3 •
V.I. Berezhiani1,4
Abstract It is shown that a small contamination of
a relativistically hot electron component can induce a
new scale (for structure formation) to a system con-
sisting of an ion-degenerate electron plasma. Mathe-
matically expression of this additional scale length is
the increase in the index of quasi-equilibrium Beltrami-
Bernoulli states that have been invoked to model sev-
eral astrophysical systems of interest. The two species
of electrons, due to different origin of their relativis-
tic effective masses, behave as two distinct components
(each with its own conserved helicity) and add to the
richness of the accessible quasi equilibrium states. De-
termined by the concrete parameters of the system, the
new macro-scale lengths (much larger than the short in-
trinsic scale lengths (skin depths) and generally much
shorter than the system size) open new pathways for
energy transformations.
Keywords Stars: evolution; stars: atmospheres;
stars: white dwarfs; stars: jets; plasmas
1 Introduction
In many compact astrophysical objects, the plasma
density is so high that the mean inter-particle distance
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becomes smaller than the De Broglie thermal wave-
length. The Fermi Energy for such a highly degen-
erate gas (obeying Fermi-Dirac statistics) can become
relativistic, especially for the lighter electrons. Conse-
quently, the degeneracy pressure may easily dominate
the thermal one [see e.g. (Shapiro & Teukolsky 1973),
(Michel 1982; Berezhiani et al 2015a),
(Berezhiani et al 2015b; Shatashvili et al 2016) and
references therein]. Relativistic outflows/jets, often,
come out of these compact objects. The interac-
tion of the Relativistic ejecta with their degenerate
shells could create turbulence and shock waves at
short scales. On the large scale, however, one could
still expect the interacting system to be describable
in terms of quasi equilibrium states. An interest-
ing representative of such systems is a White Dwarf
(WD) – the most common endpoint of stellar evolution
(Koester & Chanmugam 1990; Liebert et al 2003),
(Schmidt et al 2003; Kawka et al 2007),
(Ku¨lebi et al 2009; Kepler et al 2013),
(Kawka & Vennes 2014; Hollands et al 2015).
Since many stars are born in binary systems with
sufficiently small initial separations, they go through
one or more phases of mass-exchange (see e.g.
(Winget & Kepler 2008; Tremblay et al 2015),
(Mukai 2017) and references therein). The solar neigh-
borhood is populated by numerous accreting white
dwarfs (AWDs) that are surrounded by an accretion
gas of companion star or disk (Begelman et al 1984;
Mukai 2017). The composite system is a highly inter-
esting and unusual state of matter; a highly degenerate
WD plasma co-existing with a classical hot accreting
astrophysical flow.
Recently it was shown that accreting WD at-
mospheres may support degenerate plasma relaxed
states (Berezhiani et al 2015a) that have associated
fast super-Alfve´nic up-flows with dramatically reduced
densities (Barnaveli & Shatashvili 2017). It is expected
2that this combination – a bulk degenerate plasma con-
taminated by small fraction of a non-degenerate highly
relativistic plasma – will also pertain during the rel-
ativistic jet formation from accretion-induced collaps-
ing White Dwarfs to Black Holes (Begelman et al 1984;
Krivdyk 1999; Kryvdik & Agapitov 2007).
Following the conceptual framework developed in the
study of multi-component Relaxed States (including
relativistic ones) [see e.g. (Mahajan & Yoshida 1998;
Yoshida & Mahajan 1999; Mahajan et al 2001),
(Oliveira & Tajima 1995; Steinhauer & Ishida 1997),
(Morrison 1998; Yoshida et al 2001), (Iqbal et al 2008;
Pino et al 2010; Mahajan & Lingam 2015),
(Dennis et al 2014; Shatashvili et al 2016) and refer-
ences therein], we will study, in this paper, the quasi
equilibrium states that are accessible to the system
composed of two electron species (a highly degenerate
main component (to be called d) mixed with a smaller
classical relativistic flow (to be called h)) immersed in a
neutralizing ion background; the latter could be either
static or dynamic. One of the principal aims of such a
search is to extract any new scales of structure forma-
tion induced by the addition of new physics to the sys-
tem. One will, thus, look for the h component induced,
intermediate macroscopic length scale Lmacro [Lmeso]
lying between the system size and the relatively small
intrinsic scales (measured by the skin depths); a knowl-
edge of these scales may help us better understand the
evolution of accreting stars.
2 Model Equations
We will be studying a quasi neutral plasma of a mobile
classical ion component (i), and two relativistic electron
species – the bulk d electron gas with a density N0d and
a small contamination of h electrons with density N0h.
The quasi neutrality demands
N0d+N0h = N0i =⇒ N0i
N0d
= 1+α, α ≡ N0h
N0d
, (1)
where α≪ 1 labels the ratio of hot electron fraction.
to the degenerate electrons.
The electron dynamics for both components will be
described by the appropriate relativistic fluid equations
[(Pino et al 2010), (Berezhiani et al 2015a),
(Berezhiani et al 2015b)]: the continuity
∂Nd(h)
∂t
+ ∇ · (Nd(h)Vd(h)) = 0 , (2)
and the equations of motion:
∂
∂t
(
Gd(h) pd(h)
)
+ mec
2∇ (Gd(h) γd(h))
= − eE + Vd(h) × Ωd(h) (3)
where pd(h) = γd(h)meVd(h) is the hydrodynamic mo-
mentum, nd(h) = Nd(h)/γd(h) is the rest-frame particle
density (Nd(h) denotes the laboratory frame density)
of the degenerate (hot) electron fluid element, Vd(h)
is the fluid velocity, and γd(h) =
(
1− V 2d(h)/c2
)
−1/2
.
Notice that the factors Gd and Gh, constituting
what could be seen as the effective mass, are quite
different for the two electron species. In particu-
lar, Gd = wd/ndmec
2 , where wd is an en-
thalpy per unit volume, originates from degeneracy
rather than relativistic kinematics. The general ex-
pression for enthalpy wd for arbitrary density and
temperature (for a plasma described by local Dirac-
Juttner equilibrium distribution function) can be found
in (Cercignani & Kremer 2002). For a fully (strongly)
degenerate electron plasma, however, this very tedious
expression smoothly transfers to the one with just den-
sity dependence: wd ≡ wd(n) (Berezhiani et al 2015a).
In fact wd/ndmec
2 =
(
1 + (Rd)
2
)1/2
, where Rd
[= (nd/nc)
1/3 with nc = 5.9 × 1029cm−3 being
the critical number-density]. The effective mass fac-
tor, then, is simply determined by the plasma rest
frame density, Gd = [1 + (nd/nc)
2/3]1/2 for arbi-
trary nd/nc . For relativistically hot plasma an ex-
pression for effective mass factor Gh can be found in
(Berezhiani & Mahajan 1994,1995; Ryu et al 2006).
On taking the curl of these equations, one can cast
them into an ideal vortex dynamics ((Mahajan 2003,
2016) and references therein)
∂
∂t
Ωd(h) = ∇×
(
Vd(h) ×Ωd(h)
)
, (4)
in terms of the generalized (canonical) vorticities
Ωd(h) = − (e/c)B+∇×
(
Gd(h)pd(h)
)
. Note that gen-
eralized vorticity would acquire an additional term for
isentropic systems [see (Mahajan 2016)]; the present
derivation pertains only to the homentropic plasmas.
For special astrophysical conditions, canonical vortic-
ity would also have a quantum-mechanical part [see
(Mahajan & Asenjo 2011; Asenjo & Mahajan 2015) for
spinning plasmas], even a general relativistic compo-
nent [see e.g. (Bhattacharjee et al 2015) for Black Hole
accretion disks] in addition to the electromagnetic, ki-
netic and thermal contributions. For most applications
these corrections are negligibly small. Numerical esti-
mates of spin-magnetic interactions of two-fluid plas-
mas of white dwarfs and neutron stars was presented
3in (Gomez & Kandus 2018), and was shown to be not
so consequential.
Ion fluid dynamics is described by the correspond-
ing Continuity Equation and the following Equation of
Motion:
mi
[
∂Vi
∂t
+ (Vi · ∇)Vi
]
= − 1
Ni
∇pi +
+ eE +
e
c
Vi ×B . (5)
The low frequency dynamics is, now, closed with
Ampere’s law
∇×B = 4pie
c
[(1 + α)NiVi −NdVd − αNhVh] , (6)
another relation between Vi ,Vd(h) and B. No-
tice that the small hot electron population, represented
by α and Vh, will become the source of a new
scale-length; Finding and exploring this scale length
(which adds the diversity to the scale-hierarchy of
multi-component plasmas met in astrophysical condi-
tions) is the principal objective of this paper.
We will concentrate on a special class of equi-
libria known as the Beltrami-Bernoulli (BB) states
(Berezhiani et al 2015a). We expect to find the new
channel for energy transformations in such a mixture
of relativistic plasmas often emerged while the evolu-
tion of certain astrophysical objects, specifically while
the evolution of accreting stars; star collapsing and etc..
3 Equilibrium States in 2-temperature
relativistic degenerate electron-ion Plasma
In this paper, the density is normalized to N0d (the
corresponding rest-frame density is n0d); the magnetic
field is normalized to some ambient measure |B0|; hot
electron gas temperature is normalized to mec
2; all
velocities are measured in terms of the corresponding
Alfve´n speed VA = VAd = B0/
√
4pin0dmeG0d ; all
lengths [times] are normalized to the ”effective” degen-
erate electron skin skin depth λeff [λeff/VA] , where
λeff ≡ λdeff =
c
ωdpe
= c
√
meG0d
4pin0de2
. (7)
Notice, that ”effective” degenerate electron skin depth
is related to the ”effective” hot electron skin depth λheff
as
λdeff = c
√
αG0d
G0h
√
meG0h
4pin0he2
=
√
αG0d
G0h
λheff , (8)
where
λheff = c
√
meG0h
4pin0he2
.
Depending on α, and the degeneracy level as well as the
relativistic temperature of the fraction (outflow/jet),
there are 2 drastically different length scales in addition
to the conventional ion-skin depth,
λi =
c
ωpi
= c
√
mi
4pin0de2
. (9)
Here
G0d(n0d) = [1 + (R0d)
2]1/2 (10)
with
R0d =
(
n0d
nc
)1/3
; (11)
while (Mignone et al 2005; Ryu et al 2006)
G0h =
5
2
Te0
mec2
+
3
2
√(
Te0
mec2
)2
+
4
9
. (12)
One must emphasize that the intrinsic skin depths (the
natural length scales of the dynamics), though over a
large length span, are much shorter compared to the
system size. For d electrons, the effective mass goes
from G0d(n0d) = 1 +
1
2 (
n0d
nc
)2/3 in the non-relativistic
limit (R0d ≪ 1 ) to G0d(n0d) =
(
n0d
nc
)1/3
in the ultra-
relativistic regime (R0d ≫ 1 ), and for the h component,
the effective mass goes from G0h(Te0) = 1 +
5
2
Te0
mec2
in
the non-relativistic limit (Te0 ≪ mec2 ) to G0h(Te0) =
4 Te0mec2 in the ultra-relativistic regime (Te0 ≫ mec2 ).
By following the methodology of (Pino et al 2010)
and (Berezhiani et al 2015a; Shatashvili et al 2016),
we obtain the BB equilibrium conditions for both the d
and h electrons (the primary difference is in the physics
of Gd and Gh). The Beltrami conditions
B−∇× (Gd γdVd) = ad nd
Gd
(Gd γdVd) , (13)
B−∇× (Gh γhVh) = α ah nh
Gh
(Gh γhVh) , (14)
4align the Generalized vorticities along their velocity
fields. This Beltrami alignment imposes (on the elec-
tron fluids) the following generalized Bernoulli Condi-
tions, expressing the balance of all remaining potential
forces,
∇(Gd γd − ϕ) = 0 (15)
and
∇(Gh γh − ϕ) = 0 (16)
may be combined to form
Gd γd +Gh γh − 2ϕ = const , (17)
where ϕ is the electrostatic potential (of purely elec-
tromagnetic nature). This set, coupled with Ion fluid
Beltrami Condition:
B+ζ∇×Vi = (1+α) ainiVi, ζ =
[
Gd0
mde
mi
]−1
, (18)
together with Ampere’s law Eq.(6), defines the BB equi-
librium states pertinent to the system of a two electron
component (d and h) fluid immersed in a neutralizing
ion fluid. The separation (proportionality) constants
ad(h),i are related to the system invariants, the total
energy, and the generalized helicities for each compo-
nent,
hd(h),i =
∫
(curl−1Ωd(h),i) ·Ωd(h),i dr . (19)
Below we put ϕ ≡ 0 due to the quasi-neutrality hold
throughout the overall dynamics assuming the incom-
pressibility; gravity will be ignored for the time being.
The asymmetry between the bulk electron (d) and
the ion fluid is due to a small fraction of hot electrons
(α≪ 1, |Vi| ≪ |Vd(h)|). Notice that there are, in fact,
two symmetry-breaking mechanisms in this model: 1)
the first is due to different effective inertias for the d and
h electrons, and 2) the second is from the small h con-
tamination added to the bulk d electrons (α 6= 0,Vh 6=
0). Each one of these is responsible for creating a
net “current”. The structure formation mechanism ex-
plored in (Mahajan et al 2009; Berezhiani et al 2010),
(Steinhauer & Ishida 1997), (Mahajan et al 2001),
(Mahajan et al 2002), (Ohsaki et al 2001,2002)), orig-
inates, for instance, in the effective inertia differ-
ence. Asymmetry between the plasma constituents in-
creases the number of conserved helicities, and even-
tually translates into a higher index Beltrami state
(Mahajan & Lingam 2015; Shatashvili et al 2016). It
should also be mentioned that due to the different ori-
gin of relativistic effective masses Gd 6= Gh, the index
of the Beltrami system is determined by the simultane-
ous action of both asymmetries.
4 Quadrupole Beltrami Equations
In this section we show that an appropriate but tedious
manipulation of the set of the Eq.-s (6)-(18), leads us to
an explicit quadruple Beltrami equation. The variable
of choice turns out to be the Hot electron Fluid Veloc-
ity Vh (the Beltrami index is measured by the highest
number of curl operators (Mahajan & Lingam 2015)).
From Ampere’s law in dimensionless form variables
as:
∇×B =
[
(1 + α)
Ni
N0i
Vi − N
e
d
Ne0d
Vd − α N
e
h
Ne0h
Vh)
]
,
(20)
we find that if α = 0 (no h contamination, then
quasineutrality reads Ni = N
d = N), we have:
Vd ≡ Ve = Vi − 1
N
∇×B
that will reproduce the Double Beltrami (DB) state,
relevant to an ion-degenerate electrons plasma
(Berezhiani et al 2015a). For α 6= 0 and Vi = 0
(immobile ions), the relation
Vd = −Nh
Nd
Vh − 1
Ned
∇×B
will lead to higher (Triple) Beltrami states when iner-
tia effects in the degenerate and hot electron fluids are
taken into account.
Observations show that hot electron fluid fraction
can be small (α ≪ 1); ion fluid velocity are also
much smaller than those for lighter electron (d, h) flu-
ids [Vi ≪ Vd,Vh]. Thus, ion dynamics could be
neglected in most of cases (Oliveira & Tajima 1995)
except for α = 0 when flow effects can be crucial
in creating the structural richness in astrophysical
environments, in the heating/cooling processes, and
in Generalized Dynamo theory and flow acceleration
phenomena (Mahajan et al 2001; Mahajan et al 2002;
Mahajan et al 2005;2006), (Lingam & Mahajan 2015).
For α = 0 (pure e-i plasma with degenerate elec-
trons), it was shown that when electron inertia is ne-
glected, the system reduces to a Double Beltrami state
(Berezhiani et al 2015a). One could expect, then, that
for the full model described in this paper, the composite
Beltrami condition of index 4 will arise as two distinct
”components” are being added. The index would fall to
three when the ion flow effects are neglected (Vi → 0).
5Let us now explore the new structures accessible to
the Beltrami states for the full model – the d and h elec-
trons and mobile ions. We will assume ϕ ≡ 0, make the
simplifying assumption γd ≡ 1, γh ≡ 1 that reduces
the Bernoulli Conditions (15,16) to Gd = const; Gh =
const . The resulting Ampere’s law (20), in dimension-
less variables, becomes
∇×B = [(1 + α)Vi −Vd − αVh] . (21)
In terms of the bulk ”Flow velocity” (combining d elec-
trons and ions),
V =
1
2
[(1 + α)Vi +Vd] (22)
one can express the Generalized ion Velocity and Mo-
mentum for d electrons as [Ped = G
e
0d(n
e
0d)V
e
d ] :
Vi =
1
1 + α
(
V +
1
2
∇×B+ α
2
Vh
)
, (23)
Pd = G
e
0d
(
V − 1
2
∇×B− α
2
Vh
)
, (24)
and the Ion flow Beltrami condition (18) as
B+ ζ∇×Vi = (1 + α) aiVi . (25)
Straightforward algebra, using Eqs. (23) and (24) in
Eqs. (13) and (25), leads to (G0d(n0d) ≡ G0):
V = η
(
β∇×∇×B− 1
2
[ai(1 + α)
2 β − ad]∇×B
)
+ η [1 + β (1 + α)]B + αβ ∇×Vh −
− α
2
[ai(1 + α)
2 β − ad]Vh (26)
with η ≡ [ai(1 + α)2 β + ad]−1 , β ≡ G0 ζ−1 .
The parameter β is a measure of degeneracy as well
as the mobility of ions: β → 0 for immobile ion fluid
(mi → ∞) and β ≪ 1, R0d ≪ 1 [β > 1, R0d ≫ 1]
for the weakly [strongly] degenerate electrons; in the
latter case, the degenerate electron fluid inertia can not
be ignored. In the limit of a pure e-i plasma (α ≡
0; β ≪ 1; η ≃ a−1d ) , the pertinent simple relation
V − 12 ∇ × B = a−1d B reveals that the inertialess
electrons move parallel to magnetic field.
Further manipulation of the system is displayed in
Appendix A, the end result is the emergence of the
quadruple Beltrami equation (QB) for Vh for arbitrary
α [Gh ≡ G0h = H0]:
η G0∇×∇×∇×∇×Vh + η G0b1∇×∇×∇×Vh
+η b2∇×∇×Vh − b3∇×Vh − 2α b4Vh = 0 . (27)
Naturally such a system will be endowed with four
distinct length (constructed from the defining parame-
ters). Different effective masses of the degenerate bulk
population and of a hot electron contamination and
their ratio are the new elements of physics introduced
in this paper. Notice that if either α (h fraction) or the
b4 (ion mobility factor) were zero, the Beltrami index
of the system goes down implying the disappearance of
a scale length.
Solving the Eq.(27) for Vh and plugging it into (14)
we will get the equation for B; for the pure incompress-
ible degenerate e-i plasma it is better to use Eq.(A1)
(with α ≡ 0) directly to find the magnetic field B.
4.1 Assymetry Induced Macroscopic Structure
Formation
Justified by observational evidence (see introduction),
we will assume α≪ 1 that will simplify the coefficients
in Eq.(27). A formal factorization of (27) leads to
(curl−µ1)(curl−µ2)(curl−µ3)(curl−µ4)Vi = 0 , (28)
where the inverse length scales µi are functions of
α, β, n0d, H0 and the degeneracy-determined mass
factor G0 . The general solution of Eq.(28) is a sum
of four Beltrami fields Fk (solutions of Beltrami Equa-
tions∇×Fk = µkFk) while eigenvalues (µk) of the curl
operator are the solutions of the fourth order equation
µ4 − b∗1 µ3 + b∗2 µ2 − b∗3 µ+ b∗4 = 0 . (29)
Details of a similar analysis can be found in
(Shatashvili et al 2016). The interesting and important
result of this enquiry follow after an examination of the
various b∗ coefficients of (29).
Though the inverse scales, determined by b∗1, b
∗
2, and
b∗3 , do get slightly modified by α ≪ 1 corrections, it
is the inverse scale associated with b∗4 that is most
profoundly affected; being proportional to α, it tends
to become small, i.e, the corresponding scale length be-
comes large as α approaches zero; the corresponding
scale length becomes strictly infinite for α = 0, and
disappears reducing (29) to a triple Beltrami system.
Thus the asymmetry induced due to the small frac-
tion of relativistically hot electrons may lead to the
formation of macroscopic structures through creating
an intermediate/large length scale, much larger than
6the intrinsic scale skin depths (but less than the sys-
tem size). It is important to note that this mecha-
nism operates for all levels of bulk electron as long
as degeneracy (the range of G0 was irrelevant) and
the hot electron fraction is nonzero. The possible
significance and importance of natural mechanisms of
this sort (such cases are natural in astrophysical con-
ditions as discussed in the introduction) for creating
Macro-structures in astrophysical objects was already
discussed in (Shatashvili et al 2016) for different type
asymmetric multi-fluid systems.
5 Scale Hierarchy in 2-temperature relativistic
e-i plasmas
The new macroscopic scale discussed in previous sec-
tion can be “determined” by dominant balance argu-
ments: As the scale gets larger, |∇| gets smaller, and
the dominant balance will be between the last terms of
(29), yielding [we remind the reader, that all lenghts
are normalized to the λeff , and ζ ≫ 1 even for ultra-
relativistic case]:
Lmacro =
1
2α
|b3|
|b4| =
C
2α
(30)
where C(ai, ad, ah, G0, H0, β) is a rather complicated
function of the plasma-system parameters (see Ap-
pendix A for b-coefficients).
Let us assume that the densities of the 2-temperature
relativistic electron-ion plasmas of interest are such that
(1 − β)≫ α ( β ≤ 1 even for the ultra-relativistic case
when the degenerate electron component density range
is within (1025 − 1034) cm−3). We can, then simplify
C for (ad/ai) ≤ β , (ah/ai) ≤ β and write
Lmacro ∼ H0
α [β + ah(1− β)] |(1 − β)| . (31)
There are 2 possible, observationally relevant, limit-
ing cases:
(i) The degenerate electron fluid density is so high
( 1033 − 1034 cm−3, strongly relativistic Fermi energy)
that β approaches unity [typically 0.1 − 0.5 ]. The
macroscopic length (31), then, yields,
Lmacro ∼ H0
α
1− β
β
≫ 1 . (32)
(ii) The degenerate electron fluid density is in the
lower range (∼ 1025 − 1032 cm−3) leading to a β ≪ 1.
The expression for Lmacro simplifies to
Lmacro ≥ H0
α
1
ah
≫ 1 (33)
for any H0 > 1 and G0 > 1.
Notice that the hot electron induced Lmacro for the
strongly degenerate bulk electrons tends to be smaller
than the corresponding length for low bulk degeneracy.
It is important to consider another obviously in-
teresting β ≪ 1 (weakly degenerate) case when
ad ∼ ah ≡ a and they are both ∼ ai (note that under
the same assumptions η ∼ a−1). The b∗-coefficients
take the form (reminding that β−1G0 = ζ ≫ 1):
b∗1 = ζ a , b
∗
2 = 2H0G
−1
0 (1 + 0.5 a
2) + α ζ a2 ; (34)
b∗3 = −αa [ζ +G−10 (1 + 0.5 a2)] ; b∗4 =
α
2
G0 a
2 (1− a).
We see that depending on the physical parameters:
H0, G0, α, ζ , different scale hierarchies will emerge.
Even at a very small fraction of the hot electron fluid
(α ≪ 1), none of b∗-coefficients vanish – they remain
finite and the macro/meso scale is always present in
such a system. Then, for a ≫ 1 (a ≪ 1), we will
have quadruple (triple) Beltrami states in our complex
relativistic system. When a ≡ 1 we have a Triple-
Beltrami equilibrium. If in addition, the h electron
fraction vanishes (α ≡ 0), the equilibrium reduces to
a Double-Beltrami state consistent to previous results
(Berezhiani et al 2015a).
The three component plasma (ions, and two species
of electrons), studied in this paper, is another example
of the rule that the associated BB equilibria follow, i.e,
the Beltrami index is I = M + 1 , where M is the
number of “independent” components. Naturally the
index is a measure of the independent characteristic
scale lengths [see Mahajan & Lingam 2015].
The scale hierarchy, pertinent to our model of astro-
physical significance, may be summarized as follows:
(1) For an ion-degenerate electron plasma, the equi-
librium is triple Beltrami with the following fundamen-
tal three scales; the system size L, and the two intrin-
sic scales, the d-electron and ion skin depths. If d-
electron inertia is negligible (relatively lower densities),
then equilibrium collapses to a double Beltrami.
(2) Both the skin depths associated with d and
h, that are microscopic in a non degenerate/non-
relativistic plasma, can become larger due to relativis-
tic effects and could be classified as meso-scales [lmeso].
Under some special constraints on the Bertrami param-
eters, the meso-scale lmeso can become very large!
(3) With the relativistically hot electron (h) species
acting as an independent component, the equilibrium
becomes quadruple Beltrami with a new additional
7scale, Lmacro. Originating entirely in the h fraction
(α 6= 0), this scale disappears as this fraction goes to
zero. Both the larger ion mass and lower density hot
electron fraction contribute towards boosting Lmacro.
(4) In the limit of immobile ions (only d and h elec-
trons are the dynamical components), the equilibrium
is triple Beltrami (as expected), and the largest intrin-
sic scales are the relativistically enhanced skin-depths
of the two species, the relative scale size will be deter-
mined by the ratio G0/H0.
6 Summary
We studied the quasi equilibrium Beltrami-Bernoulli
states that are accessible to a three component plasma
composed of two electron species (a highly degenerate
main component mixed with a smaller classical rela-
tivistic hot flow) immersed in a neutralizing ion back-
ground; the latter could be either static or dynamic.
Study of such a plasma could be generally relevant to
the evolution of certain astrophysical objects, specifi-
cally during the accretion stage of stars; star collaps-
ing etc. The two electron species – the bulk degenerate
electron fluid (d) and a small contamination of relativis-
tically hot electrons (h) – contribute two components
to a three component plasma that in addition, has a
neutralizing ion background.
The h contamination has the expected but strik-
ing effect of providing an added macroscopic scale ly-
ing between the system size and the relatively small
intrinsic scales (measured by the skin depths). The
existence of a new scale for structure formation may
provide crucial insights into the evolution of accret-
ing stars; in particular, new channels for energy trans-
formations may become available [(Mahajan et al 2002;
Ohsaki et al 2001,2002; Mahajan et al 2005;2006),
(Shiraishi et al 2009), (Shatashvili & Yoshida 2011)].
Although not the direct subject matter of this paper,
the existence of a small relativistic electron component
is reminiscent of the runaway electron population in a
Tokamak. It is conceivable that the energy exchange
processes studied in this paper, could have some rele-
vance to runaway induced phenomena.
The new element of physics introduced in this paper
arises due to the different effective masses of the d and
h electrons. In fact, that is what forces us to treat them
as independent components. It is this piece of physics
that leads to the creation of the Lmacro[lmeso] alluded
to on the preceding paragraph.
These macro/intermediate scales, opening new path-
ways for energy transformations, can advance our un-
derstanding of a host of quiescent as well as explosive
astrophysical phenomena – magnetic field generation,
structure formation, fast/transient outflow and jet for-
mation, heating/cooling etc. We plan to explore the
consequences of the particular findings of this paper
in the context of the accreting White Dwarf evolu-
tion problem, and the events accompanying the phe-
nomenon of star-collapse.
Finally, when a complex system moves from Double-
to Triple- and Quadruple-Beltrami states, the roots (in-
verse length-scales) will exhibit a wide range of behav-
ior. In the quadruple case, there are possible transitions
from 2 complex-conjugate pairs to: 1) one complex-
conjugate pair and two real roots, and 2) to 4 real
roots. In each of these cases, the conversion of mag-
netic energy into flow energy can occur; the process will
result in energy transfer similar to what is commonly
associated with magnetic reconnection. Such scenarios
may explain explosive/eruptive phenomena like magne-
tar giant flares; like outflows in WD atmospheres.
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9A Appendix - Deriving Quadruple Beltrami Equation and Its Analysis
Plugging Eq. (26) into the Eq.-s (23,24) and then using them in Eq. (14), and after some tedious algebra, we
get
2η G0∇×∇×∇×B + η G0 α1 ∇×∇×B + 2η α2 ∇×B− 2α3 B = (A1)
= − 2αG0∇×∇×Vh − αβ−1G20 α4∇×Vh +
α
2
β−1 α5Vh ,
where
α1 = ad[1 + β
−1G0] + ai(1 + α)β [1 + (1 + α)β
−1G0] , α2 = [1 + (1 + α)β ] +
1
2
(1 + α) ad ai ,
α3 = (ai − ad) + α (1− α− β) ai , α4 = (1− βG−10 [ad + ai (1 + α) ] ) , (A2)
α5 = [ad + ai (1 + α)β ] + η
−1 [ad − ai (1 + α)β ]− 2ad [ad − ai (1 + α)β ] .
The equation (A1) with (A2) for no hot electron-fluid fraction (α ≡ 0) will eventually give the so called ”Triple
Beltrami” equation for the magnetic field B (i.e. l.h.s. of Eq.(A1) ≡ 0) for e-i plasma with degenerate electrons.
While for classical pure e-i plasma we see that α1 → ζ ad and the 2nd term in l.h.s. of Eq.(A1) can become much
bigger than the 1st term (ζ ≫ 1) and one obtains the so called double-curl equation leading to Double Beltrami
States.
Using Eq. (14) in eq. (A1), one obtains for arbitrary α [Hh ≡ H0h = H0, we do not study the heating/cooling
problem] the quadruple Beltrami equation (QB) for Vh:
η G0∇×∇×∇×∇×Vh + η G0b1∇×∇×∇×Vh + η b2∇×∇×Vh − b3∇×Vh − 2αb4Vh = 0 , (A3)
where
b1 = α1 + 2αah ; b2 = 2αH0 + 2αG0 (α1 ah + 2 η
−1) ;
b3 = 2H0 α3 − α (β−1G20 α4 + 2 η α2 ah) ; b4 =
1
4
β−1 α5 + α3 ah . (A4)
It is clear that the large scale is automatically introduced into the system since b4 6= 0 , α 6= 0 in Eq.(A3).
Solving the Eq.(A3) for Vh and plugging it into (14) we will get the equation for B.
Assuming α≪ 1 for our problem of study one can simplify the coefficients in Eq.(A3) as follows:
η = (ad + β ai)
−1 ; α1 = (1 + β
−1G0) (ad + β ai) ; α2 =
[
(1 + β) +
1
2
ad ai
]
;
α3 = ai − ad ; α4 = [1− β G−10 (ai + ad )] ; α5 = [(ad + β ai)− (ad − β ai)2 ] (A5)
leading to:
b1 = (1 + β
−1G0) ad + (1 + β)G0 ai + 2αah ;
b2 = 2H0[ (1 + β) + 0.5 ad ai ] + αG0[ (1 + β
−1G0) ad ah + (G0 + 3β) + 2 ad ] ;
b3 = 2H0(ai − ad)− α [β−1G20 −G0 (ai + ad) ]− α
2ah
ad + βai
[ (1 + β) + 0.5 ad ai ] ;
10
b4 =
1
4
[ad (1− ad) + β ai (1− β ai) + 2 β ai ad ] + (ai − ad) ah .
The quadruple Beltrami Equation (A3) can be factorized as
(curl − µ1)(curl − µ2)(curl − µ3)(curl − µ4) Vi = 0 , (A6)
where µi-s define the coefficients in Eq.(27) and are the functions of α, β, n0d, H0 and the degeneracy-
determined mass factor G0 . The general solution of Eq.(28) is a sum of four Beltrami fields Fk (solutions of
Beltrami Equations ∇ × Fk = µkF) while eigenvalues (µk) of the curl operator are the solutions of the fourth
order equation
µ4 − b∗1 µ3 + b∗2 µ2 − b∗3 µ+ b∗4 = 0 , (A7)
where
b∗1 = b1 ; b
∗
2 = G
−1
0 b2 ; b
∗
3 = (ηG0)
−1b3 ; b
∗
4 = 2α (ηG0)
−1b4 . (A8)
The details of analysis of above equation can be found in (Shatashvili et al 2016) for different physical system.
Such analysis shows that for a rather big range of parameters there is a guaranteed scale separation in 2-temperature
relativistic e-i plasma with degenerate (bulk) electrons and small fraction of relativistically hot electrons.
